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ABSTRACT

A Barker sequence, is a finite binary sequencaiteijers, eacht 1, whose all non-trivial acyclic autocorrelation
coefficients are of size at most 1. It is widelyidned that there does not exist any Barker sequehltength greater than 13.
in this paper we focus on the Barker sequences @dth length. We fist present a relation for thedoat of any two

consecutive members of such a Barker sequencéhandae will show that the length is at most 13
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1. INTRODUCTION

Given a degreen polynomial p[JC[z] with complex coefficients, suppose that the ﬁéto,---,an}

generatesp . For any kK ({0, ---, n} the K th acyclic autocorrelation coefficient of P is defined by
n-1-k
C = D aa,. @)
j=0
For all such values ok we define C_, = C, . it is customary to call the numbe, the peak autocorrelation
and the otherC, s the off-peak autocorrelation of P . From the definition ofC, , one can easily verify that
1, .G«
p(2p() = D 6z,
z k=-n

and
Ip@),= {32t

In many applications it is of the interest whg&; |=1, in particular whena; [{~1,+1} forall j and in that

case P is respectively called aunimodular or Littlewood polynomial. In 1953[1], Barker considered special type of

Littlewood polynomials as follows:

DEFINITION

A Littlewood polynomial P sothat all its off-peak autocorrelation have the property | C, I<1 iscalleda Barker

polynomial and the set that generates [0 iscalled a Barker sequence
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If the above property hold for a unimodular polynals, then it is called generalized Barker polynomial.

For further information of the subject s¢2 —4].

Note that we excluded the peak autocorrelatiorffin the above definition, becausg, can never be dominated

by any number less than the degreef@f In fact, by (1), we have
3 2
C,=Ya’=n+l.
j=0
2. BARKER SEQUENCES OF LENGTH n

In the remaining, we only consider the Barker segas with lengthn, instead ofn+1 and so we use the

subscript{1, ---, N} instead of{0, ---, N} . So the picture of (1) is

n-k
C = DA, )
i

and

n
— 2 _
c,=ya’=n.
e

Up to now only eight different Barker sequenceskai@wvn. There are two Barker sequences of lerdjtland one

Barker sequence for each of lengtds 3, 5, 7, 11 and 13. In all eight sequences, the first two elemeajsand a,

take only the value oft1. In what follows, we present these eight Barkeuseces.
n=2:{1,1}
3:{1,1,-1}
4:{1,1,1,-1}
4:{1,1,-1,1}
5:{1,1,1-1,1}
7:{1,1,1-1-1,1-1}
11:{1,1,1-1-1-11-1-1,1-1}
13:{1,1,1,1,1-1-1,1,171,1-1,1}

The following table represents the correspondkth acyclic autocorrelation coefficients for eachtloé eight

Barker sequences.
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nlclc |Glc|6Glc|c|c|cl|co|clc,

2 01 - |- -] -L-1L-1 -1 -1 -1-1-

3ol | - - - - - - - - --
Tlo - - - -] -1T-1-1-1-7T-

Al o - - - - o] o] e

5 0] 1ol t] -] -| - - - - -] -

710l alo| 1] o 2| -| -| -| -] - -

11/ 0] 2| o] 2] o] 2| o] 4| o 4 - -

12/ 0| 2|0 1] o| | o] 1| o 1| o 1

Therefore, for eactk

0, if k even
|Cn—k |:{ (3)

1, if k odd

The following lemmas are tools of achieving our masult.

Lemma 1: (Barker to Barker Transformations) Any of the transformations

1 a - (-1)a,
2. a - (-1)"a
3. a - —a

transform a Barker sequence into another Barkareseag.

Lemma 2: The Kth acyclic autocorrelation coefficients of a Barker sequence of length N have the following

property

n=c, +c,_, (mod4).

Proof. Let {&,,---,a,} be a Barker sequence of length Define

n-k
x=> x(aa., =1)
i=1

and
n-k
y= x(aa, =-1),
i=1
Where Y is the characteristic function. One can easilyfyehat
x+y:n—K X-y=¢,
that yield
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y=(n-k-c)/2.
. o n-k
So, letting d, := |_| _, &a,, , we have
n-k

d, = I—Jai 8. =1°(-1)Y =(-1)’ = (—1)(n_k_°k)’2

and so

dkdn_k — (_1)(n—k—ck)/2(_1)(n—(n—k)—cn_k)/2

— (_1)(n—k—ck+n—n+k—cn_k)/2 (4)
— (_1)(n—ck—cn_k)/2.
On the other hand,
n-k k
ded, = ”aa+k ﬂaam_k (5)

= |jaa+k(mdm = |i|a2 =1.

Now, (4)and (5)implytha(n—C, —C,_,)/2 is even and hencen = ¢, +C,_, (mod4).

Lemma 3: If M is even, then thdM th acyclic autocorrelation coefficients of a Barkequence of odd length

N depends only om and its value is

C. = (~1)"e

Proof. Let mM=2] and N be odd. Then

) |C, +Cy |=1 forevery K,

ii) Cyjy =0, and

ii) C, =+1.

Since by (3)N=¢, +C,, (Mod4), we haven=x1(mod4). If n=+1(mod4), thenC,; =+1 and if
n=-1(mod4), then c,; = —1. So, in any case, we have

c, = (-1)02

Lemma 4: If {&,---,8,} isaBarker sequenceof odd length N, then
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a1'a1'+1 = _(an—i ar1—i+1)

13

Proof. By (3) |C, +C,, |=1 for every k and so, by the lemma (2)) = £1(mod4). Moreover if d, is as

in the proof of that lemma, then

dkdk+1 — (_1)(n—k—ck)/2 (_1)(n—(k+1)—ck+l)/2

— (_1)(2n—2k—1—ck —ck+1)/2
— (_1)n—k—(1+ck +Ck+1)/2 ,

and

n-k-1

ddy; = (h:kaiai+k)( D 38 .401)

= [(a@y.) (a, @,)]l(a,.) (@, 1a,)]

= (|‘J ef)(ﬁ ) (Bsros)

=([]O([] D@

i=2+k

= (Bs1-k)-
The last two calculations yield

n—k=(1+c, +cp 41)/2

ak+1an—k = (_1)

Note that if C,C,_, = *1, then N =+1+4m for some positive integem . This becausec,C,_, = N(mMod4)

. Therefore by using lemma (3), we get

_ n—k—(1+ck +Cy )2
a, 48 = (-1) "

I—
= ()"
I —

- (_l)—k—(1+x—2x)/2

— (_l)—k+(x—1)/2
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- (_1)2m (_1)—k+(x—1)/2

— (_1)—k+(x+4m—1)/2
- (_1)k+(n—1)/2

Therefore for any two consecutive values dfl{1,---, N} , we have aa _,, =(-1)"""? and

8,8, = (-1)""%. Thus

a1'a1'+1 = _(an—i ar1—i+1)
Lemma5: Let {a,--,a,} beaBarker sequenceof oddlength n.Let pC{1,---, n} besothat @ ,, = -1

and & =1, whenever 1<i< p.Thenforany p>1 wehave
1.88,, =ayay,,, 1<i<(n-3)/2
2.p<n-2 implies P is odd

—a

3.1f pj+r<n-2 for 1<r < p,thena

p(j-1)+r p(j-1)+1-

3. THE MAIN RESULT

In the next theorem, we present a new proof fokBasequences of odd length

Main Theorem: If {&,,--,a,} isaBarker sequence of odd length n,then N<13

Proof. By lemma (1), we may assume that = a, = +1. In general, we would have peruse the followingle®

separately.
1. N is grater than any number divisible &,
2. n is divisible by 3
3. N is less than any number divisible K3,
4. n is divisible by 4
5. 3p<n<4p, where p is a positive integer.
Since N is an odd number, the fourth case is irrelivahie Tirst 3 case was proved by Turyn and storebjn [

Suppose thaBp <n <4p.Then 3p<n-1 and so by lemma (5)P (and therefore3p) is odd. By part 3 of

lemma (5),for j =2 andforl<r < p, we have

px2+r < px2+p<3psn-2
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and so
Aenpr = Beapur (6)
Hence by assumption, we had = +1,1<i < p.
Since @,,, = —1, by (6) we have
a =-1,p+l<i<2p.

Note that if & = a ,;, then by lemma (4),,,.; = —a,_; . Therefore the first two blocks of lengtfp, create the

last two blocks of the same length, which are tdrahting +1's and —1'’s. Since the second block and the penultimate

block have the common element, we have 4p—1 and as4p-1<n<4p,
n=4p-1. (7)

The first and the second blocks ¢F elements are respectivelyl’s and +1’s. In what follows, we will show

that elements of the last two blocks are altergatinl’s and —1’s. By lemma (4), we have
a‘pap+1 = _(a4p—1—pa4p—1— p+1) = _(a3p—1a3p)'

Note that sincea,a,,,, = -1, the termsa,, ; and @;, have the same signs. Moreover the second blocksind

penultimate block have a common element whiclajs . Thus

—1=a,, =8, == a4y
and so
Boper = Bpeg = L= 85, pp) = +1.

With the above descriptions, we can conclude tiasequence is of the form

+1,+2,D11E+ p’_p+1’_p+2’D:m3_2p’+2p+1’_2p+2’|:|]ID_3p—1’_3p’+3p+1’|:DID_4p—1

This means if the sequence is of the fof@} > ", then

a =+11<i<p
a =-1p+1<i<2p
a =(-1)"2p+1<i<3p-1

a =(-1)3p<i<4p-1
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Therefore,
4p-3

c,= Y aa.,,
i=1

p-2 2p-2
= zaiai+2 + ap—1a'p+1 + apap+2 + z a1 a1'+2 + a2p—1a2p+1
i=1 i=p+l
3p-3 4p-3
+ D 88,8y, 8, 8y, By + D88,
i=2p i=3p

=(p-2)-1-1+(p-2)-1+(p—-2)-1-1+(p—2).

Soc, =4(p-2)-5.Butasc, <1, we have4(p—2)—5<1 and hence

7
p< 8)

E.
Among the odd positive numbers, only 3 satisfiels k&nce p =3 and we get can construct the sequence of

length 4x3—-1=11.

CONCLUSIONS

A glory in the proof of our Main Theorem is applgitBarker into Barker" transformations describetdémma (1).
There are other proofs that the number 13 domiratdsarker sequences of odd length and non of thensimilar to the

proof we presented.
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