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ABSTRACT 

A Barker sequence, is a finite binary sequence of integers, each ± 1, whose all non-trivial acyclic autocorrelation 

coefficients are of size at most 1. It is widely believed that there does not exist any Barker sequence of length greater than 13. 

in this paper we focus on the Barker sequences with odd length. We fist present a relation for the product of any two 

consecutive members of such a Barker sequence and then we will show that the length is at most 13 
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1. INTRODUCTION 

Given a degree n  polynomial ][ zp C∈  with complex coefficients, suppose that the set },,{ 0 naa L  

generates p . For any },{0, nk L∈   the k th acyclic autocorrelation coefficient of p  is defined by 
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For all such values of k  we define kk cc =− . it is customary to call the number 0c  the  peak autocorrelation 

and the other kc s the  off-peak autocorrelation of p . From the definition of kc , one can easily verify that 
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In many applications it is of the interest when 1|=| ja , in particular when 1}1,{ +−∈ja  for all j  and in that 

case p  is respectively called a  unimodular or  Littlewood polynomial. In 1953 [1] , Barker considered special type of 

Littlewood polynomials as follows: 

DEFINITION 

A Littlewood polynomial p  so that all its off-peak autocorrelation have the property 1|| ≤kc  is called a  Barker 

polynomial and the set that generates p  is called a  Barker sequence  
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If the above property hold for a unimodular polynomials, then it is called  generalized Barker polynomial.        

For further information of the subject see 4][2 − . 

Note that we excluded the peak autocorrelation of p  in the above definition, because 0c  can never be dominated 

by any number less than the degree of p . In fact, by  (1), we have 

1.== 2

0=
0 +∑ nac j

n

j  

2. BARKER SEQUENCES OF LENGTH n  

In the remaining, we only consider the Barker sequences with length n , instead of 1+n  and so we use the 

subscript },{1, nL  instead of },{0, nL . So the picture of  (1) is 
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and 

.== 2
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Up to now only eight different Barker sequences are known. There are two Barker sequences of length 4  and one 

Barker sequence for each of lengths 2 , 3, 5, 7 , 11 and 13. In all eight sequences, the first two elements 1a  and 2a  

take only the value of 1+ . In what follows, we present these eight Barker sequences. 

{1,1}:2=n  

1}{1,1,:3 −  

1}{1,1,1,:4 −  

1,1}{1,1,:4 −  

1,1}{1,1,1,:5 −  

1}1,1,1,{1,1,1,:7 −−−  

1}1,1,1,1,1,1,1,{1,1,1,:11 −−−−−−  

1,1}1,1,1,1,1,1,,{1,1,1,1,1:13 −−−−  

The following table represents the corresponding k th acyclic autocorrelation coefficients for each of the eight 

Barker sequences. 
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n  1c  2c  3c  4c  5c  6c  7c  8c  9c  10c  11c  12c  

2  1 - - - - - - - - - - - 

3 0 -1 - - - - - - - - - - 

4  
1 
1 

0 
0 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

- 
- 

5 0 1 0 1 - - - - - - - - 

7  0 -1 0 -1 0 -1 - - - - - - 

11 0 -1 0 -1 0 -1 0 -1 0 -1 - - 

12 0 -1 0 1 0 1 0 1 0 1 0 1 
 

Therefore, for each k  
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The following lemmas are tools of achieving our main result. 

Lemma 1:  (Barker to Barker Transformations) Any of the transformations   

1.  i
i

i aa 1)(−→ ,  

2.  i
i

i aa 11)( +−→   

3.  ii aa −→   

transform a Barker sequence into another Barker sequence.  

Lemma 2:  The k th acyclic autocorrelation coefficients of a Barker sequence of length n  have the following 

property 

4).(modccn knk −+≡  

Proof. Let },,{ 1 naa L  be a Barker sequence of length n . Define 
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Where χ  is the characteristic function. One can easily verify that 

,=,= kcyxknyx −−+  

that yield 
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On the other hand, 
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Now,  (4) and  (5) imply that )/2( knk ccn −−−  is even and hence  4).(modccn knk −+≡  

Lemma 3:  If m  is even, then the m th acyclic autocorrelation coefficients of a Barker sequence of odd length 

n  depends only on n  and its value is 

1)/2(1)(= −− n
mc

 

Proof. Let jm 2=  and n  be odd. Then 

i) 1|=| knk cc −+  for every k , 

ii) 0=12 +jc , and 

iii) 1=2 ±jc . 

Since by  (3) 4)(modccn knk −+≡ , we have 4)1(modn ±≡ . If 4)1(modn +≡ , then 1=2 +jc  and if 

4)1(modn −≡ , then 1=2 −jc . So, in any case, we have 

.1)(= 1)/2(
2

−− n
jc  

Lemma 4:  If },,{ 1 naa L  is a Barker sequence of odd length n , then 
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)(= 11 +−−+ − ininii aaaa  

Proof. By  (3) 1|=| knk cc −+  for every k  and so, by the lemma (2), 4)1(modn ±≡ . Moreover if kd  is as 

in the proof of that lemma, then 
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The last two calculations yield 

.1)(=
)/21(1

1
+++−−

−+ − kckckn

knk aa  

Note that if 1= ±−knkcc , then mn 41= +±  for some positive integer m . This because 4)(modncc knk ≡−

. Therefore by using lemma (3), we get 

)/21(1

1 1)(= +++−−
+− − kckckn

kkn aa  

)/2(141)(= xkmx +−−+−  

)/2(14 1)(1)(= xkxm +−−−−  

)/2(11)(= xkx +−−−  

)/22(11)(= xxk −+−−−  

1)/2(1)(= −+−− xk  
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1)/2(2 1)(1)(= −+−−− xkm  

1)/24(1)(= −++−− mxk  

.1)(= 1)/2( −+− nk  

Therefore for any two consecutive values of },{1, ni L∈ , we have 1)/2(1
1 1)(= −+−

+− − ni
iniaa  and 

1)/2(
1 1)(= −+

−+ − ni
ini aa . Thus 

)(= 11 +−−+ − ininii aaaa  

Lemma 5:  Let },,{ 1 naa L  be a Barker sequence of odd length n . Let },{1, np L∈  be so that 1=1 −+pa  

and 1=ia , whenever pi ≤≤1 . Then for any 1>p  we have 

1. 1221 = ++ iiii aaaa , 3)/2(1 −≤≤ ni   

2. 2−≤ np  implies p  is odd  

3. If 2−≤+ nrpj  for pr ≤≤1 , then 11)(1)( = +−+− jprjp aa .  

3. THE MAIN RESULT 

In the next theorem, we present a new proof for Barker sequences of odd length 

Main Theorem:  If },,{ 1 naa L  is a Barker sequence of odd length n , then 13≤n   

Proof. By lemma (1), we may assume that 1== 21 +aa . In general, we would have peruse the following modes 

separately. 

1.  n  is grater than any number divisible by 4 ,  

2.  n  is divisible by 3  

3.  n  is less than any number divisible by 3,  

4.  n  is divisible by 4   

5.  pnp 4<<3 , where p  is a positive integer.  

Since n  is an odd number, the fourth case is irrelivant. The first 3 case was proved by Turyn and storer in [5]. 

Suppose that pnp 4<<3 . Then 13 −≤ np  and so by lemma (5), p  (and therefore p3 ) is odd. By part 3 of  

lemma  (5), for 2=j  and for pr ≤≤1 , we have 

2322 −≤≤+×≤+× nppprp  
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and so 

.= 11)(21)(2 +−+− prp aa
                                                                                        

(6) 

Hence by assumption, we have .1,1= piai ≤≤+  

Since 1=1 −+pa , by  (6) we have 

.211,= pipai ≤≤+−  

Note that if 1= +ii aa , then by lemma (4) inin aa −−+ −=1 . Therefore the first two blocks of length p , create the 

last two blocks of the same length, which are of alternating 1+ ’s and 1− ’s. Since the second block and the penultimate 

block have the common element, we have 14 −≥ pn  and as pnp 414 ≤≤− , 

1.4= −pn                                                                                                  (7) 

The first and the second blocks of p  elements are respectively 1− ’s and 1+ ’s. In what follows, we will show 

that elements of the last two blocks are alternating 1+ ’s and 1− ’s. By lemma (4), we have 

).(=)(= 313114141 pppppppp aaaaaa −+−−−−+ −−  

Note that since 1=1 −+ppaa , the terms 13 −pa  and pa3  have the same signs. Moreover the second block and its 

penultimate block have a common element which is pa2 . Thus 

1)(2222 ====1 −++ ⋅⋅⋅− pppp aaa  

and so 

1.==== 2)(23212 +⋅⋅⋅ −+++ pppp aaa  

With the above descriptions, we can conclude that the sequence is of the form 

1413313221222121 ,,,,,,,,,,,,,,, −+−++++ −⋅⋅⋅+−−⋅⋅⋅−+−⋅⋅⋅−−+⋅⋅⋅++ pppppppppp  

This means if the sequence is of the form 14
1=}{ −p

iia , then 

piai ≤≤+11=  

pipai 211= ≤≤+−  

13121)(= 1 −≤≤+− + pipa i
i  

1431)(= −≤≤− pipa i
i  
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Therefore, 
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2).(112)(12)(112)(= −+−−−+−−+−−− pppp  

So 52)4(=2 −−pc . But as 12 ≤c , we have 152)4( ≤−−p  and hence 

.
2

7≤p
                                                                                                      

(8) 

Among the odd positive numbers, only 3 satisfies (8). Hence 3=p  and we get can construct the sequence of 

length 11=134 −× .  

CONCLUSIONS 

A glory in the proof of our Main Theorem is applying "Barker into Barker" transformations described in Lemma (1). 

There are other proofs that the number 13 dominates all barker sequences of odd length and non of them are similar to the 

proof we presented. 
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